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Abstract

The paper investigates some characteristic features of the electromagnetic field of a relativistic charged particle that uniformly ro-
tates about a conductive ball in its equatorial plane. It is assumed that the braking of the particle due to radiation is compensated
by an external influence (e.g. the electric force) that compels the particle to turn uniformly in a circle. The magnetic permittivity
of the ball is assumed to be one. The work is based on the corresponding exact analytic solutions of Maxwell’s equations. The gen-
eralized Drude-Lorentz-Sommerfeld formula for the dielectric function of the conductive ball is used in numerical calculations.
It is shown that localized oscillations of a high-amplitude electromagnetic field can be generated at a given harmonic inside the ball
at a certain (resonant) particle rotation frequency at a small distance from the surface of the ball. Herewith, at large distances from
the trajectory of the particle, these localized oscillations are accompanied by intense radiation at the same harmonic, which is ma-
ny times more intense than the analogous radiation in the case when the ball is absent.
The possibilities of using this phenomenon to develop sources of quasi-monochromatic electromagnetic radiation in the range from
giga- to terra hertz frequencies are discussed.
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1. Introduction

Synchrotron Radiation (SR) serves as an extraor-
dinary research tool for advanced studies in both fun-
damental and applied sciences due to such unique
properties as high intensity, high degree of collimati-
on, and wide spectral range (see [1–6] and references
therein). SR is used worldwide by thousands of sci-
entists in many disciplines like physics, chemistry,
material science and structural biology nowadays.
For this reason it is important to analyze various
mechanisms to control SR parameters. That is why it

is urgent to study the influence of medium on spec-
tral and angular distributions of SR. Investigations of
this kind are also relevant for a number of astrophys-
ical problems [4, 7].

Characteristics of high-energy electromagnetic
processes change greatly in the presence of matter
thus giving rise to new phenomena. Their well-
known examples are Cherenkov [8–10] and diffrac-
tion radiation. The operation of many devices used to
produce electromagnetic radiation is based on inte-
ractions of relativistic charged particles with matter
(see, e.g., [11]).

In [12], SR from a charged particle rotating in a
homogeneous medium was considered (see also
[13, 10]); it was shown that interference between SR
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and Cherenkov Radiation (CR) had interesting con-
sequences. New interesting phenomena occur in the
case of inhomogeneous media, e.g. transition radia-
tion [14, 15] and the radiation of charged particles in
periodic structures (see [16, 17] and references the-
rein).

Alongside, the interfaces between media can be
used for monitoring the flows of radiation emitted in
various systems. In a series of papers (see [18–20]
and references in [20]), it was shown that the interf-
erence between SR and CR induced at boundaries of
spherical configuration leads to interesting effects.
Investigations of radiation from a charge rotating
along an equatorial orbit about/inside a dielectric ball
showed that there appear high narrow peaks in the
spectral distribution of the number of quanta emitted
to outer space at some specific values of the ratio of
ball-to-particle orbit radii and when the Cherenkov
condition is satisfied for the ball material and partic-
le speed (see [20] and refs therein). The radiated en-
ergy in the vicinity of these peaks exceeds the corres-
ponding value for the case of homogeneous and un-
bounded medium by several orders of magnitude.

A similar phenomenon (less weak) takes place in
the case of cylindrically symmetric medium [21–27].
For example, the radiation emitted (i) from a longitu-
dinal charged oscillator moving with constant drift
velocity along the cylinder axis, and (ii) from a char-
ged particle moving along a circle around a dielectric
cylinder or along a helical orbit inside the cylinder
are investigated in [21–23], [24] and [25–27] (see al-
so references therein) respectively (the latter type of
motion is used in helical undulators for generating
electromagnetic radiation in a narrow spectral inter-
val). It is shown that high narrow peaks are present in
the spectral-angular distribution for a number of ra-
diated quanta if the Cherenkov condition is satisfied
for the permittivity of a cylinder and the particle spe-
ed. The radiated energy exceeds the corresponding
value for homogeneous medium case by several or-
ders of magnitude in the vicinity of these peaks.

It is also important that 1) localized Surface Wa-
ves (SW) can be generated on the interface of media
if the source of the field moves near this interface and
that 2) the phase velocity of SW can be many times
less than the phase velocity of the volume waves.
This circumstance can have important practical ap-
plications. This paper is devoted to this topic. It exa-
mines the electromagnetic field of a charged particle
rotating about a conductive ball taking into account
the fact that surface plasma oscillations can be gen-
erated inside the ball.

The electromagnetic field of a charged particle ro-
tating about a metal ball was investigated in [28].
However, in [28], the possibility of SW generation
inside a conductive ball was not investigated.

2. Formulation of the problem

We consider a particle with some charge q, which
rotates uniformly at a speed vd=const about a conduc-
tive ball in its equatorial plane in vacuum under the
influence of a constant magnetic field (see Fig. 1).
We assume that the deceleration of the particle, due
to its radiation, is compensated by an external (for in-
stance, electric) force compelling the particle to rota-
te uniformly and circularly about the ball. We shall
also assume that the magnetic permittivity of the ball
μb=1 to simplify the calculations.

Fig. 1. A relativistic charged particle rotating about 
a conductive ball in its equatorial plane. 

The magnetic permittivity of the ball μb=1

In the case under consideration, the dielectric con-
stant of the medium is a step function:

(1)
where rb is the radius of the ball, εb=εb'+iεb" is the
complex valued permittivity of the substance of the
conductive ball and Θ(x) is the Heaviside step fun-
ction.

A uniformly rotating particle generates radiation
at ωk=kωq discrete frequencies (harmonics) with
k=1;2;3…, and ωq is the cyclic frequency of the rota-
ting particle.

Let us investigate the energy
(2)

radiated by a charged particle at the k-th harmonic
during one period of its rotation. The value of the di-
mensionless parameter nk indicates which part of the
energy ωk of the quantum of electromagnetic field
is generated by the particle during one period of its
rotation. Further, nk will be conditionally called «the
number of quanta of the electromagnetic field gen-
erated by the particle in one period of its rotation
about the conductive ball».

The dependence of nk on the parameters
(k,ωq,rq,rb,εb) of the problem should be determined by
solving the Maxwell’s equations for the case when the
charge rotates about the conductive ball with μb=1.
An analogous problem for a charge rotating about a
ball with μb=1, εb(ω)≈const and εb'(ω)>0 (dielectric
ball) was solved in [20] (see also references in it). He-
rewith the results of analytical calculations performed
in the mentioned papers are applicable without res-
trictions on the values of εb(ω) and at the dependence
of this quantity on the frequency ω. Therefore, the

k k kw nω= 

( ) (1 ) ( ),b b br r rε ε ε= + − Θ −
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formulas derived in these papers are applicable also
for the case of a charge rotating about a conductive
ball with μb=1 and non constant function εb(ω).

In [20], all functions except εb(ω) (the dispersion
law for the substance of a ball) are defined. A simple
analytical function, which is often used to describe
the dispersion law of a conductive substance, has the
following form

(3)

(the generalized Drude-Lorentz-Sommerfeld formu-
la). The above expression satisfactorily describes the
dielectric function of noble metals, e.g. for gold [29]

(4)

The effective parameter ε0>1 describes the contri-
bution of bound electrons, ωp is the effective bulk
plasma frequency, which is associated with effective
concentration of free electrons, γ is the phenomeno-
logical damping constant of the electrons’ motion.

We will consider electromagnetic oscillations in
the frequency range, for which

(5)
In this case, the generated electromagnetic oscilla-

tions inside the ball must be localized (see Section 4).

3. Numerical results in the range 
of gigahertz frequencies

We assume that (a) the ball is made of a dielectric
with a negligible mixture of gold, so that the plasma
frequency of the free charge carriers is

(6)

(ωp
Au=1.4×1016 Hz). In this case, (b) the dielectric

should have a weak dispersion and should absorb
light slightly in the range of gigahertz (GHz) frequ-
encies. A fused quartz with [30]

(7)

can be used in the mentioned range for this purpose.
The parameter ε0 in equation (3) has been identified by
εSiO2 because of the small concentration of gold in the
substance of the ball. In numerical calculations, three
estimated values of parameter γ/ωp=1/50;1/125;1/1000
have been used, where 1/125≈γ Au/ωp

Au (the ball is en-
tirely made of gold).

Thus, the dielectric function εb(ω) was calculated
from equation (3) with the following values of the
parameters:

(8)

The results of numerical calculations are shown in
Figs. 2–4.

Fig. 2. The number of quanta of the electromagnetic field
n1 emitted by an electron at the first harmonic during one 

period of its rotation about the ball, depending on the cyclic
rotation frequency of the electron ωq. Herewith the frequency
of the emitted electromagnetic waves is ω=ω1=ωq. The radius

of the electron’s orbit is rq=1 (curve a), 1.1 (curve b) and
1.3 cm (curve c). The radius of the ball is rb=0.99 cm;

γ/ωp=1/125. The maxima on the curves a, b, and c correspond
to the intense (resonant) radiation of the electron: n1>>e2/c

Having compared the course of the curves a, b and
c in Fig. 2, we arrived at the following conclusions:

1) The electron generates very intense radiation
(n1>>e2/c) if it rotates about a conductive ball at a
certain (resonant) frequency ωq

res≈12.1 GHz.
2) The values of the resonant frequency ωq

res de-
pend weakly on the radius of its orbit rq.

3) The maxima on curves n1(ωq) decreases ra-
pidly with the distancing of the electron’s orbit from
the surface of the ball.

Fig. 3. The number of quanta of the electromagnetic field
n1 emitted by the electron at the first harmonic during one 

period of its rotation about the conductive ball. The values of
ωq=ω1 (the upper part of the figure) and the values of the real
part εb of the dielectric constant of the ball (the lower part of

the figure) are plotted at ωq=ω1 along the axis of abscissa.
The radius of the electron’s orbit is rb=1 cm; γ/ωp=1/125. The

values of radius of the ball are indicated near the curves
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Having compared the course of the curves with
rb=0.99, 0.8 and 0.6 cm in Fig. 3, we arrived at the
following conclusions:

1) The resonant frequency ωq
res with which an

electron rotates about a conductive ball depends on
the rb radius of this ball.

2) As the radius of the conductive ball rb (a)
decreases, the maximum of the function n1 decreases
rapidly and (b) the value of the real part of the dielec-
tric function of the ball εb' corresponding to this ma-
ximum tends to –2.

Fig. 4. The number of quanta of electromagnetic field n1
emitted by an electron at the first harmonic during one period
of its rotation about the ball, depending on the cyclic rotation

frequency of the electron ωq. The frequency of the emitted
electromagnetic waves is ω=ω1=ωq. The radius of the 

electron’s orbit is rq=1 cm, the radius of the ball 
is  rb=0.99 cm; γ/ωp=1/1000 (curve a), 1/125 (curve b) 

and 1/50 (curve c). The dotted curve describes the emission 
of an electron in the absence of the ball

Having compared the course of curves a, b and c
in Fig. 4, we arrived at the following conclusions:

1) The number of quanta of the electromagnetic
field n1(ωq) radiated by the electron as it rotates at re-
sonant frequency ω=ωq

res increases significantly with
decreasing dielectric energy losses in the substance
of the conductive ball (in this case, on the decrease in
the value of parameter γ).

2) The performed numerical calculations indica-
te that the wavelength of electromagnetic waves
emitted by the charged particle can be varied over a
wide frequency range by a suitable choice of the ra-
dius and substance of the conductive ball.

4. Visual explanation of numerical results

Not localized plane electromagnetic waves
~exp[i(kxx+kyy+kzz–ωt)] can propagate in a continu-
ous, infinite and transparent substance. In this case, a
wave vector (kx,ky,kz) is determined by the dispersion
equation

(9)

where ε is the dielectric permittivity of the substance
(the magnetic permittivity μ is assumed to be one).
According to this equation, only localized electro-
magnetic oscillations can be excited in the substance
in the frequency range with ε(ω)<0, for example,

where k*=–ikz.(10)
The electromagnetic oscillations described by ex-

pression (10) along the z axis decrease exponentially
in one direction and increase exponentially in the op-
posite direction. Similar (localized) electromagnetic
oscillations can be generated in matter in the presen-
ce of interfaces (e.g. with vacuum).

In the case of the ball, the interface of matter with
vacuum is finite and closed. In this case, for the most
values of rotational speed of an electron, localized
electromagnetic oscillations are in a destructive su-
perposition with each other, as a result of which their
amplitude decreases. However, when rotating at cer-
tain frequencies (the natural frequencies of the ball),
a constructive superposition of electromagnetic os-
cillations occurs, as a result of which their amplitude
increases significantly.

Suchwise,
1. The presence of the interface between matter

and vacuum is important, because due to this circum-
stance a rotating particle inside the substance genera-
tes localized (surface) electromagnetic oscillations.

2. The shape of the interface between the sub-
stance and vacuum is also important. When the par-
ticle rotates at the natural frequencies of the ball, a
constructive superposition of the generated surface
electromagnetic oscillations (resonance) occurs.

3. A charged particle rotating about the ball at a
resonant frequency generates localized electromag-
netic oscillations on its surface at the natural frequen-
cies of the ball. At large distances from the ball, these
electromagnetic oscillations manifest themselves as
intense resonant radiation.

In the future, we plan to numerically investigate
the spectral-angular distribution of the generated ra-
diation, which allows one to reveal new features of
the phenomenon under the study. The corresponding
formulas for the spectral-angular distribution of the
radiation intensity of a charged particle rotating
about a ball with an arbitrary dielectric function
εb(ω) and magnetic permittivity μb=1 have been de-
rived in [18, 19].

5. Conclusions

In the paper, the electromagnetic field of a char-
ged particle uniformly rotating about a conductive
ball with μb=1 in its equatorial plane, has been inves-
tigated. The dispersion of electromagnetic waves in-
side the conductive ball has been taken into account.
The work is based on the corresponding exact analy-

*~ exp[ ( )]exp( ),x yi k x k y t k zω+ − −

2
2 2 2

2 ,x y zk k k
c
ω ε = + +
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tical solutions [18–20] (see also references in [20]) of
the Maxwell’s equations. The Drude-Lorentz-Som-
merfeld model has been used for the dielectric fun-
ction of the conductive ball in the numerical calcula-
tions.

The number of quanta of the electromagnetic field
n1 emitted by the electron at the first ω1=ωq harmo-
nic during its one revolution about the conductive
ball has been calculated for different values of the cy-
clic rotation frequency ωq of the charge.

It has been shown that:
1. For small dielectric energy losses in the ball’s

substance, the existence of a distinguished (resonant)
value ωq=ωq

res of the particle’s rotation frequency is
possible, for which n1(ωq) reaches its maximum va-
lue. This value can be tens of times greater than the
value of n1(ωq) in the case of rotation of the charge in
empty space.

2. Such an intensive (resonant) radiation happens
due to the presence of a conductive ball and is deter-
mined by its dielectric function εb(ω) and radius rb.

3. The frequency of the emitted electromagnetic
waves ω=ω1=ωq is determined by the radius of the ball
rb and weakly depends on the radius of the charge or-

bit rq. It is of the order of the plasma frequency of os-
cillations of free charge carriers inside the ball ω~ωpl.

4. The plasma electromagnetic oscillations gen-
erated by a charge (inside a conductive ball) at the re-
sonant frequency ωq

res are localized, since εb'(ωq
res)<0.

5. A charged particle generates localized surface
waves in the ball at the natural frequencies of this
ball. These 2-dimensional (localized) waves appear
as an intense resonance radiation at a large distance
from the ball. With decreasing dielectric energy los-
ses in the substance of the conductive ball, the reso-
nant radiation increases.

6. The resonant radiation can be used to develop
sources of quasi-monochromatic electromagnetic ra-
diation in the range from giga- to terahertz frequen-
cies, in the presence of a conductive substance with
the parameters of the same orders as those given in
equation (8).

For the parameters of the system described in Sec-
tion 3, the strength of the magnetic field providing
the electron rotation does not exceed 1 Tesla. Using
this circumstance, we plan to continue experimental
studies of the resonant radiation from the electron ro-
tating about a conductive ball in the future.
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