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Abstract

The peculiarities of electromagnetic oscillations generated by a charged particle moving rectilinearly and uniformly have been stu-
died when the particle crosses a planar boundary between a conducting medium and a vacuum perpendicular to that boundary. This
study is based on the relevant exact analytical solutions of Maxwell equations, and the generalized Drude–Lorentz–Sommerfeld
formula has been used for the dielectric function of conducting medium in the numerical calculations. The results of our investi-
gation indicated that a charged particle may generate large amplitude oscillations in an electric field at frequencies wherein the di-
spersion phenomenon is essential and the real part of the conducting material’s dielectric function is negative. The results further
revealed that these oscillations are localized at the planar boundary of the conducting medium and a vacuum. The possibility of us-
ing this phenomenon to generate electromagnetic radiation at large distances from the surface of a conducting medium of finite si-
ze is also discussed.
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1. Introduction

Creating sources of monochromatic and spatially
and temporally controllable electromagnetic radia-
tion with high intensity and power has become one of
the most exciting and compelling areas of research in
modern physics [1–8].

The influence of matter on electromagnetic proces-
ses covers a wide range of phenomena that have seve-
ral important practical applications [1–8], including a
large group of phenomena associated with the influen-

ce of matter on the radiation of charged particles, such
as transition radiation (TR) [1–3], channeling radia-
tion [4, 5], and Cherenkov radiation (ChR) [6].

Interesting phenomena have been observed in a
periodic medium [8]. The case of a charged particle
moving in a waveguide completely filled with a pe-
riodic, particularly a layered medium, was investiga-
ted [9]. The radiation from a charged particle moving
uniformly along the axis of a waveguide filled with a
semi-infinite layered dielectric material was studied
[10]. The radiation from relativistic electron moving
uniformly along an infinitely long waveguide conta-
ining a finite-sized layered dielectric material was in-
vestigated [11] and a visual interpretation of the res-
ults was provided.
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The interfaces between media can be used to mo-
nitor the flow of radiation emitted in various systems.
The interference between TR, ChR, and synchrotron
radiation induced by planar, spherical, or cylindrical
boundaries resulted in interesting effects [10–12].

Investigations of radiation from a charged particle
rotating along an equatorial orbit around or within a
dielectric ball revealed high narrow peaks in the
spectral distribution of the number of quanta emitted
to outer space ([12] and the references cited therein).
The radiated energy in the vicinity of these peaks ex-
ceeded the corresponding value by several orders of
magnitude associated with a homogeneous and un-
bounded medium. A similar (but weaker than in the
previous case) phenomenon occurs in a cylindrically
symmetric medium [13–19]. For example, the radia-
tion emitted from (i) a longitudinal charged oscillator
moving with a constant drift velocity along a cylin-
drical axis and (ii) a charged particle moving along a
circle around a dielectric cylinder or along a helical
orbit inside a cylinder have also been investigated
[13–19]. High narrow peaks have been theoretically
revealed in the spectral-angular distribution for the
number of radiated quanta if the Cherenkov condit-
ion is satisfied for permittivity of a cylinder and the
particle speed. The radiated energy in the vicinity of
these peaks exceeds the corresponding value for a
homogeneous medium by many times.

On a media interface, localized surface waves
(SWs) can be generated if the source of the field mo-
ves near this interface and the phase velocity of the
SWs can be many times less than the phase velocity
of the volume waves. This particular phenomenon
can have important practical applications, and con-
sequently, this paper focuses on this subject.

The features of electromagnetic field oscillations
generated by a charged particle crossing the planar
boundary of a semi-infinite medium and a vacuum
(along the normal to this boundary) have been inves-
tigated in previous studies [1–3]. The novelties pres-
ented herein include the consideration of frequencies
for which the dispersion phenomenon is particularly
significant and that the real part of the dielectric fun-
ction of the conducting semi-infinite medium is ne-
gative.

2. Formulation of the problem

First, we considered a charged particle moving
rectilinearly and uniformly that crosses the planar
boundary of a conducting semi-infinite medium and
a vacuum (along the normal to this boundary) (see
Fig. 1, ε2 = μ2 = 1).

The electromagnetic field generated by a charged
particle passing through the planar boundary of a
conducting semi-infinite medium and a vacuum has
been previously investigated in several studies ([1–3]

and the references cited therein). Formulas that deter-
mine the spectral distribution of the energy of radia-
tion from the charged particle in the forward and
backward directions have not been presented herein
for brevity [2].

Fig. 1. A charged particle passing through the planar 
boundary of a conducting semi-infinite medium 

and a vacuum (ε2 = μ2 = 1)

In this paper, the dielectric function of the matter
of the semi-infinite medium will be described by the
generalized Drude–Lorentz–Sommerfeld formula for
the first time, as expressed by equation (1):

(1)

This expression satisfactorily describes the dielec-
tric function of noble metals. Taking gold as an
example material [20],

(2)

In equation (1), the parameter ε0 > 1 describes the
contribution from the bound electrons, ωp is the pla-
sma frequency that is associated with an effective
concentration of free electrons, and γ is the phenome-
nological constant of electron motion attenuation
(i.e., the damping constant).

The magnetic permeability of the material used as
the semi-infinite medium μ1 is assumed to be con-
stant (for numerical calculations: μ1 = 1).

We have considered the electromagnetic oscilla-
tions in the frequency range for which

(3)
In such cases, the electromagnetic oscillations

generated inside the semi-infinite medium must be
localized. In addition, we examined the projection of
the generated electric field strength E6 on the direc-
tion in which the charged particle is moving:

(4)
Next, the Fourier image was considered with re-

spect to time and two Cartesian coordinates x, y pa-
rallel to the planar boundary of the semi-infinite me-
dium and a vacuum:

(5)
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where the first summand describes the proper field of
the charge, and the second summand represents the
influence of the semi-infinite medium boundary (mb)
on the charged particle’s electric field.

In a vacuum, the following expression is used:

for z = 0. (7)

Accordingly, inside a semi-infinite medium,

for z < 0, (8)

where the dimensionless multiplier a1 is defined by
the following expression [2]:

(9)

where

In equation (8), a1 is not presented for brevity [3].
When χc/ω < 1, equation (7) describes the electro-

magnetic wave that propagates away from a semi-in-
finite medium along the direction of z > 0, and for
χc/ω > 1, it describes an electromagnetic field loca-
lized near the surface of the semi-infinite medium.

We next examined the phenomenon of Emb(ω,χ6;z)
localization at the surface z = 0 of a semi-infinite me-
dium in greater detail.

3. Numerical results

Numerical calculations were performed for a se-
mi-infinite medium made of gold. The energy of the
charged particle (electron) was assumed to be 2 MeV.

Fig. 2 presents a plot of the dependence of the
function |a2(χ,ω,z=0)|2 on the cyclic frequency ω and
the wave number χ of the two-dimensional harmonic
oscillations  exp[i(χ6ρ6–ωt)] appearing in the Fourier
expansion (5) on the surface of the semi-infinite me-
dium (z = 0).

From the data presented in Fig. 2, the surface
described by the values of the two-dimensional fun-
ction |a2(χ,ω,z=0)|2 indicates that there is a branch of
maxima where |a2(χ,ω,z=0)|2>>1, and these maxima
are located in the region ; therefore, in the expansion
(equation (5)), they correspond to oscillations
E(ω,χ6;z)exp[i(χ6ρ6–ωt)] with high amplitude
E(ω,χ6;z) (see equation (7)), which are localized near
the medium surface z = 0.

Fig. 2. The dependence of function |a2(χ,ω,z=0)|2 on cyclic
frequency ω and wave number χ of two-dimensional harmonic
oscillations exp [i(χ6ρ6–ωt)] appearing in the Fourier expan-
sion (equation (5)) on the surface of the semi-infinite medium

(z = 0) generated by a 2-MeV electron crossing a planar
boundary between a gold medium and a vacuum

* * *

This large amplitude of localized oscillations in
the Fourier expansion of the electric field strength is
not represented by the corresponding maximum in
the spectral distribution of the radiation emitted by
the particle (see the dashed curve in Fig. 4). This cir-
cumstance appears to be due to the previously men-
tioned large amplitude oscillations that are localized
on the plane associated with the infinite surface of
the conducting semi-infinite medium.

The question we then sought to answer was
whether there are any cases where large amplitude
oscillations in the electric field strength at certain
frequencies are localized at the surface of a conduc-
ting medium and accompanied by a peak in the spec-
tral distribution of the radiation emitted by a particle.

This appears possible when the surface of a con-
ducting medium is characterized by a finite curvatu-
re of the wavelength order of the generated radiation;
for example, a charged particle crossing a conducting
disk in an empty space or inside a cylindrical wave-
guide (see Fig. 3a).

To confirm this hypothesis, in [21], the radiation
from a charged particle moving rectilinearly and uni-
formly was investigated assuming that the particle
passes through the center of a conducting ball.

In [21], there were peaks in the emission spectrum
W(ω) of the particle near definite «resonant frequen-
cies» (with the wavelength of the order of the ball ra-
dius). The values of the spectral density W(ω) of ra-
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diated energy at these resonant frequencies may be
many times larger than those values at adjacent
frequencies (see continuous curve in Fig. 4). The pe-
ak in the spectrum of the particle radiation disappe-
ars if the ball is replaced by a semi-infinite medium
made of the same conducting material (see Fig. 4).

Fig. 3b. A charged particle passing through the center 
of a conducting ball

Fig. 4. Spectral distribution of radiation from an electron:
passing through the gold ball with 100-nm radius (continues

line) [21] and crossing a planar interface separating 
a conducting semi-infinite medium (made of gold) with 
vacuum, along the normal to its boundary (dashed line) 
according to [2, 3] in the case expressed by equation (1)

The energy of the electron is 2 MeV.
The continuous curve in Fig. 4 describes the spec-

tral distribution of the radiation energy ∫W(ω)dω
from an electron passing through the gold ball with a
radius of 100 nm. The dashed curve in Fig. 4 descri-
bes the radiation of that same electron crossing a pla-
nar boundary, which separates the conducting semi-
infinite medium with vacuum, along the normal to its
boundary.

The volume of the ball is much smaller than that
of the semi-infinite medium; therefore, it is natural to

expect that the radiation in the ball scenario should
be much weaker than that associated with the semi-
infinite medium. The path of the curve in Fig. 4 con-
firms this circumstance with the exception of a nar-
row frequency region near the resonant frequency
3.87⋅1015 Hz. We next determined why the spectral
density of the radiation in the ball case is larger than
that for the semi-infinite medium in the vicinity of a
resonant frequency.

The key to answering this question is shown in the
upper part of Fig. 4, where the values of ε'1,Au are
presented on the abscissa. As previously indicated
(see equation (3)) and supported by the presented da-
ta, the real part of the dielectric function of the con-
ducting ball at the resonant frequency assumes a ne-
gative value: ε'1,Au = –2.7 < 0.

In such a case, the dispersion equation forbids the
propagation of electromagnetic waves in the ball ma-
terial along at least one of the three independent di-
rections in space. However, it is possible to propaga-
te electromagnetic oscillations that are localized at
the boundary between the substance and the vacuum
(SWs). It is clear that SWs are generated in the case
of the ball and the semi-infinite medium but with one
important difference. In the case of the semi-infinite
medium, the vacuum interface is infinite; in the case
of the ball, it is finite and enclosed. In the latter case,
at most frequencies, a destructive superposition of
electromagnetic oscillations on each other occurs,
which leads to a decrease in their resulting amplitu-
de. However, at certain frequencies (e.g., natural
frequencies of the ball), there is a constructive super-
position of electromagnetic oscillations on each
other, which significantly increases their resulting
amplitude.

These SWs behave like resonant radiation far
from the ball, in contrast to the case of conducting se-
mi-infinite medium that has a planar boundary with a
vacuum.

4. Conclusions

The peculiarities of electromagnetic oscillations
generated by a charged particle moving rectilinearly
and uniformly have been studied when the particle
crosses a planar boundary between a conducting me-
dium and a vacuum perpendicular to that boundary
based on the relevant exact solutions of Maxwell
equations [1–3]. The generalized Drude–Lo-

Fig. 3a. A charged particle passing through a conducting disk in an empty space, or inside a cylindrical waveguide
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rentz–Sommerfeld formula (1) for the dielectric fun-
ction of a conducting medium has been used in our
numerical calculations.

The numerical calculations were performed for an
electron with an assumed energy of 2 MeV crossing
the planar boundary between a gold conducting me-
dium and a vacuum. We then considered the oscilla-
tions of an electromagnetic field with frequencies
that are (a) less than the frequency of plasma oscilla-
tions of free charge carriers in the semi-infinite me-
dium for which (b) the phenomenon of dispersion is
significant, and (c) the real part of the dielectric fun-
ction of the semi-infinite medium is negative (see
equations (1) and (3)).

Results indicated that on the surface of the semi-
infinite medium, the relativistic charged particle gen-
erates large amplitude electromagnetic oscillations in
the partial Fourier expansion (equation (5)). At the

same time, as the distance from the medium surface
increases, the amplitude of these oscillations decre-
ases exponentially.

Thus, a relativistic charged particle that crosses
the planar boundary between a conducting medium
and a vacuum perpendicular to that boundary genera-
tes plasma oscillations in a high-amplitude electro-
magnetic field at the surface of that conducting me-
dium.

This phenomenon may be used to generate reso-
nant radiation emitted by a relativistic charged par-
ticle passing through a conducting medium of finite
size (see Figs. 3a, 3b and 4).
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