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Abstract

A model of one-dimensional (1D) cold plasma with an external train of rigidly structured bunches with diverse charges has been
introduced. In this model, a solution that cancels the wakefield after the train is found. The density of such bunches can be much
greater than the density of the plasma, and a high amplitude electrical field arising inside the train can be used for charged-particle
acceleration. In addition, analytical and numerical simulations have been performed.
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1. Introduction

Using plasma as a medium to slow the propagation
of electromagnetic waves, when it is possible to ac-
celerate charged particles in this wave, has existed as
a method for some time [1, 2]. However, such waves
are often nonlinear and unstable [3-5].

These waves can be stabilized by binding them to
the leading intense beam of charged particles. Waves
behind such beams are termed wakefield and acceler-
ation in such wake waves has been considered in
other research (see [6, 7]). Plasma waves can be ex-
cited using charged-particle beams (beam-driven
plasma wakefield acceleration [PWFA]), as well as
by laser radiation (laser wakefield acceleration) [8].
Moreover, used charged particles can vary (electrons,
positron, or proton beams [9-11]). The behavior of
wake waves strongly depends on the relationship be-
tween the beam and plasma densities. When npy>no/2,
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it is termed an underdense regime, and when np<no/2,
it is considered an overdense regime [12] (density of
the plasma no compared with the doubled density of
beam np).

The effect of the breakdown wake waves is noted
when the density of the driving beam, ny, exceeds half
of the plasma density, and the plasma dynamic be-
comes highly nonlinear.

For justifiable experimental realization (see notes in
Sec. Perturbation of the bunch density), the use of pro-
ton beams (Proton Driven PWFA [PD-PWFA]) is
suit-able. In 2016, a proof-of-principle Advanced
Proton Driven Plasma Wakefield Acceleration Exper-
iment (AWAKE) was initiated at CERN aimed at in-
vestigating the use of plasma wakefields driven by a
proton bunch to accelerate charged particles [13]. This
acceleration technique could lead to future colliders of
high energy, though of a much-reduced length when
compared with the proposed linear accelerators. Re-
cently, the first experimental works of this collabora-
tion have appeared [14, 15].

Often, for complex physical systems, it is im-
portant to look for the exactly solvable models. The



Aginian M.A. et al. / Resource-Efficient technologies 2 (2020) 15-22

cold, uniform, and collision-less one-dimensional
(1D) plasma model with fixed ions [16-18] was pro-
posed as such a model in which an exact analytical
solution of excitation of nonlinear oscillations in
plasma using a finite electron beam was obtained (see
[19, 20]). In such an 1D model, the wakefield break-
down effect is observed with the underdense plasma
limit mentioned above. Moreover, this breakdown ef-
fect occurs at a certain distance from the driver bunch.

In this paper, we consider the structure of bunches
with different densities, electrical charges, and
lengths. A breakdown does not occur inside such a
structure, and beyond the structure, the wakefield
cancels at certain ratios between bunches lengths and
densities. In this case, the bunch densities can be
much higher than the plasma density (underdense
mode), and the corresponding fields can be much
larger than the breakdown limit for a separate bunch.

2. One-dimensional plasma model

Below, we derivate the main equations for cold, uni-
form, and collision-less 1D plasma models with fixed
ions and rigid external beams. We assume that the beam
propagates along the model axis, denoted as z.

Poisson’s equation (1D model magnetic field com-
ponents and electric field transversal components are
omitted):

g q
> =—4re(n, + Enb -Ny) (1)
the continuity equation for plasma electrons:
on, o(B.n,)

e + e e =0
cot 0z ' (2)
and the plasma electrons motion equation:
oLBere) | 5 9(Bere) e Jp

+ =— —
cot 2 oz mc® oz’ (3)

Where n, is the density of plasma electrons, n, is
the density of bunch particles with charge q, n, is the
density of immovable plasma ions, ¢ is the potential
of the electric field produced by all charged compo-
nents, A.c is the velocity of the plasma electrons (
7.=@Q- %)), and m,is the electron mass. ¢ indi-
cates the speed of light, e is the electron charge (in
contrast to [21], where the charge of the electron was
noted as —e, so that e means the absolute [positive]
value of the electron charge).

We look for steady-state solutions of Egs. (1-3),
which means that we assume that a bunch does not
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change its velocity g, (accordingly, we introduce
7, = (- B%)™Y?) during this propagation in the plasma.
This means that variables g,,n,, and ¢ are functions
of a single variable

e

1=17-Byct. 4)
Introducing (4) into Egs. (1-3) we obtain:

22;20 =—4mre(n, +%nb -ny), (5)

LA ©

We assume that the bunch is placed on the nega-
tive half axis of 7, and the front of the bunch corre-
sponds to 2=0.

Equation (6) integrates in form:

N (180 - ﬂe) = noﬂo- (8)

The integration constant is chosen to fulfill condi-
tion ne=no, if Fe=0.

It should be noted that, in determining n, as the
density of immovable ions of plasma, such as the den-
sity of plasma atoms, we suppose that plasma is hy-
drogen-like. This restriction can be eliminated if, for
multi-charged ions, the density n, is understood as
the density of atoms multiplied by the number of elec-
trons ionized from the atom.

Using relation oy, /02 = B.y08.102 one can inte-
grate (7) in the following form:

1_,Boﬁe -1— eg¢7ECD- (9)
Ji-pi e

The integration constant is chosen to fulfill ¢=0 if
,Be:O.

From (8), we have a restriction on the values of
plasma electron’s velocity

P <Py (10)
and correspondingly,

7, <® (12)
at the condition ®>1 corresponding to the negative
values of f.

Equation (9) can be rewritten as:
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ﬁo _CD\!CDZ _7(;2 .

O+

B = (12)

Taking (8) into account, one can also find that

(

Byyo®
ne=—notﬂ§7§— 2

)
N J
One can see that at a limit value of @ = y,*, which
is the plasma electron density trend to infinity.
Using (12, 13), we finally obtain only one second
order equation on potential ®:

(13)

> D —a—y S ®
o0& 0 [p? _ Y72 ' (14)

Where we enter dimensionless variables
¢{=1w,lc, a=(q/e)n,/ny),

where o, :,/47re2n0 /m.

N & o o

Uy(®)

& b R ©
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The basic equation (14) of cold, uniform, and col-
lision-less 1D plasma model coincides with the same
equation derived in [20] (Appendix 1).

In the common case «, it depends on the parame-
ter £.In case a=const, (14) has energy integral

g:cp'z/2+y§(q>—ﬂm/c1>2—y52)—aq>

(in the following prime, we denote differentiation on &).
Here, we can separate the potential portion of en-

ergy.
U, =7§(®_ﬁox/®2 -7 )—0@

Thus, (14) describes the motion of the particle with
coordinate @ and velocity @' in potential with U .

In Figure 1, profiles of U_ for different values of «

are presented where negative « corresponds to pro-
ton/positron bunches.

(15)

(16)

Uy(®)

0.1 0.2 0.3 0.4 0.5 0.6

@
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Fig. 1. Potential wells, U ,, for y, =10 and different values of « in different scales of the axis @ are presented. Curves

from top to bottom correspond to the following values of parameter « :-10,-1,0,0.2, 1/ (1+ ;) =0.501, 1, and 10. The

curve of the critical value o =1/ (1+ ;) separates the type of curves depicted in red.

One can see that curves U, have the shape of the
real well if

a<l/(1+4,). (17)

The front of the bunch, as we noted, should be used
as initial conditions ® =1,®' =0. These values corre-

spond to the potential energy where U_ (1) =1-«. The
potential energy at the limit value of @ =y,* is equal
to U, () =7, —ary".

It is interesting to note the minimal potential en-
ergy (in the case of [17]):

um = Ji-af -4

(18)
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Which reaches at

(19)

As an example, let us investigate the motion of the
phase point for the value of =10 in two cases of a pa-
rameter o=0.45 (Figure 2) and o=4 (Figure 3) for dif-
ferent values of energy. In Figure 2, we point out the
energy level 9.955, as it corresponds to
U, (") =7, —ay, . At lower energies, this value phase
point can infinitely move well in potential, forming the
structure of periodic wake waves (we use this term to
emphasize the periodical character of wakefields). At
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the values above, the phase point at some time (param-

eter £) will obligatorily reach the value y,* below,

where the model becomes nonphysical. The corre-

sponding curve in (®,®") we call separatrix.

Interestingly, «=0, thereby indicating plasma

without bunch (see Figure 4).

One can see that there are wake wave solutions
only for energies £<10, and energy &=1 corre-
sponds to the bottom of a potential well (& =1).
These exact values are what we use as initials for the
point of penetration of the bunch into the plasma.

=0.45

\

Uy(®), a

0.1

0.1

1

>
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Fig. 2. Phase point motion in case of the parameter o = 0.45, left: potential well, right: phase trajectories at different ener-
gies. Energy from top to bottom: 20, 9.955, 2, 0.55, and 0.4. Energy 9.955 corresponds to U, (yo’l) =%, — a)/gl (marked by

red). The energy 0.55 corresponds to U _ (1) =1—«a (marked by yellow).
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Fig. 3. Phase point motion in case of the parameter o =4, left: potential well, right: phase trajectories at different ener-
gies. Energy from top to bottom: 20, 9.6, 0, -3, and -10. Energy 9.6 corresponds to U, (;/0’1) =Yy — aygl (marked by red).

Energy - 3 corresponds to U (1) =1-« (marked by yellow)
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Fig. 4. Phase point motion in case of the parameter « =0, left: potential well, right: phase trajectories at different ener-
gies. Energy from top to bottom: 20, 10, 5, 2, and 1. Energy 10 corresponds to U ,_, (70"1) =7, (marked by red). Energy 1
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corresponds to U, (1) =1 (marked by yellow)
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3. Wakefield of structured bunches

For the bunch of piecewise constant functions of den-
sity, one can construct the motion of this particle using mo-
tion in potential well formalism beginning with the front
bunch and initial conditions ®=1 and ®'=0.

Let us consider that a structured bunch consists of N
sub-bunches, each of a charge density «; and a length of
di (i varies from 1 to N). The wakefield of this structured
bunch, and later, can be constructed as a successive
movement of the phase point in the corresponding set of
potential wells. The transition from one well to another
is formed using the initial values of (®,®") formed at
the exit of the previous well. The constructed solution
should be physical if, during the motion in each well
condition @ > y;* is not violated and, at the exit of the

bunch energy of the phase point, it does not exceed
value y, idea was first proposed in [22, 23]).

Notably, this caused the presence of a term —a® in
the formula (15) transition of the phase point from
one well into another, accompanied by the particle en-
ergy jump —(e,,, — ;)@ . Therefore, here we mean the
energy of the phase point in the free plasma.

Figure 5 shows an example of such calculations for
a bunch consisting of three sub-bunches with param-
eter oz 10, —10, 5, and corresponding lengths of sub-
bunches: 15, 20, and 15. At the entrance of the first
bunch, the phase point had initial energy of ¢=1 at the
entrance to the second bunch &=10712, at the entrance
to the third bunch, &=3183, and finally, at the entrance
to the free plasma after the bunch, £=662. The last
value goes beyond the limits of the range of values of
the existence of stable wake waves and leads to the
breakdown of the wake wave at a distance of 72.83
behind the bunch.

Fig. 5. Wakefield of the structured bunch consists of three
sub-bunches with the following parameters: a1=10, d1=15,
a2=-10, d2=20, a3=5, and d3=15

19

Wakefield of the structured bunch (fig. 5) consists
of three sub-bunches with the following parameters:
a, =10, d, =15, «,=-10, d,=20, «,=5, and
d, =15. Sub-bunches are marked in magenta and de-

noted as 1, 2, and 3. 4 is denoted by free plasma be-
hind the bunch. The bunch movement direction is
from left to right. In the marked red function, @, de-
pending on ¢ is presented. In the marked green func-

tion, @' depending on ¢ is presented. The space right

from the front point of the bunch is used to present
the phase point trajectory marked in blue (axis @ isa
horizontal direction to the right, and the axis @' is
vertically directed up). Numbers correspond to the
presented bunch structure. All values are presented in
arbitrary units.

The distance behind the bunch, after which the
breaking of the wake wave occurs, depends on the in-
itial values (®,®') and can be quite significant, as

shown in Figure 6. Here the phase point enters the
free plasma with an energy of 3765. Then, the phase
point moves to the right of the potential well bound-
ary depicted in Figure 4a, and then is reflected from
it and continues to move in the direction of the break-
down limit. The whole process of the wake wave
breakdown occurs at a distance of 322 dimensionless
units.

Fig. 6. Wakefield of structured bunch consists of three sub-
bunches with the following parameters: a1=10, d1=15,
oa2=-10, d2=20, a3=10, d5=15 and other notifications are
the same as in Figure 5

By the selection of parameters «,,d,,a,,d,,a;,
andd,, it is possible to obtain a situation where the
wake behind the structured bunch forms stable wake
waves. In Figure 7, the practically perfect entrance of
the phase point after the bunch into the free plasma is
presented (entrance energy is 1.04, and the density of
the second bunch is —0.997). For estimation, the
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rigidity of the conditions in accordance with the pa-
rameters of ideal conditions, we present Figure 8,
where the entrance energy is 8.49, and the density of
the second bunch is —0.979.

REI010; 9.997,10,15.77,28 57,1577, 0.001150000.700,110,500,10,260.560;
IETE; 20, LIEVT08; 10, £04:0;
I5.77, 1184.87; 149.97;

Fig. 7. The ideal entrance of the phase point into free
plasma behind the structure of the bunches.

RELO10, 9.979,10,15.77,28.57.15.77; 0.001 1 50000.700.110500,10.200,500,
IENTE; 9.9, LIVELTS, 10, 8490,
I5.77, 1184.87; 149.97;

Fig. 8. Entrance into free plasma on the level near the
plasma breakdown.

Notably, the role of the second bunch (tilting a
wave after the first bunch) can be played by free
plasma (see Figure 9).

REZ0:2,0.2.45.91:15,.0.001156060,900,3 10,500 10,200,560,
34985, 0; 3493, 2, 5340,

Fig. 9. The second bunch can be used as free plasma.
4. Perturbation of the bunch density

The above model is limited, as it concerns the as-
sumption that the leading beam is not perturbed when
moving in plasma. Moreover, this assumption is ap-
plicable to proton (inert) beams and is not suitable for
electron bunches.

Amatuni [24] introduces two-time scales: the rise
time of the waves in the plasmar, ~ ;' and the char-

acteristic time of the change in the momentum
7, ~ P, / qE of the beam particles, where E is the

value of an electric field of a wakefield, p, is beam
particles momentum, and q is the beam particles
charge. According to (9):

mc® @,
e c

E=— D', (20)

Some estimates of these times for various plasma
densities are given in Table 1 for electron and proton
beams. The Lorentz factor of the beam charges, y,, is

set equal to 10. The values of the electric field are
taken from the 1D model calculations.

Table 1. Values of characteristic time parameters (plasma parameters are chosen near to AWAKE values).

n,, Lem? ®,,s" 7,5 2, cm . Eyax - 7 7, (protons),
eVicm (electrons), s S
21E+14 8.2E +11 1.2E—12 23E-01 100 14E +09 1.2E—-13 22E-10
7.7E +14 1.6E +12 6.4E — 13 1.2E—-01 100 2.7E+09 6.4E — 14 1.2E—-10
1.0E +15 1.8E+12 5.6E—13 1.1IE—-01 100 3.0E+09 5.6E—14 1.0E—-10
21E+14 8.2E +11 1.2E—12 23E-01 100 14E +09 1.2E—-13 22E-10

Where /1p =2nc/ @, is the length of the plasma waves. One can see that, for all case conditions, 7, [l 7, is valid only for

the case of a proton beam. This signifies that the assumption concerning rigidity of the beam can be applied more or less

for protons beam. H™ can be considered as a candidate for a heavy particle beam with negative charge hydrogen ions.

20
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For the following calculations, we present a sys-
tem of equations for the model in which the plasma
remains cold. However, the assumption of beam ri-
gidity is absent.

The equation of the motion of plasma electrons is
as follows:

ore)  OBre) e 0p (21)
cot 0z mc® oz

and bunch charges:

0Brs) , OB7s) _ qza_(/’_ (22)
cot 0z mc® oz

The continuity equation for plasma electrons and
bunch charges is as follows:

on, L aBn)

: 23
cot oz (23)
n, A 24)
cot oz

and finally, the Poisson’s equation:

82

az(f =—4re(n, + % n, —Ny). (25)

Depriving the dimension of all equations, as
above, using the following notation:

c 1 2
Z:_g’t:_r1¢:mc (1—@)1
p @, e
n,=an,, n,=(q/e)en,. (26)
We arrive at the complete system of equations:
ABre) ,  ABr) _ 00 o7
or ¢ o0& o&’

Appendix 1. One-dimensional plasma
equation in [20] notation

In [20], the following dimensionless coordinate
was introduced:

z

T=0, (t— %) (al1)
(we replaced g, of [20] by our notation ).
Basic equation of [20] (Eq. 3):
8_2 1_ﬂ0ﬁe _ 2 ﬁe
(%ZL,/l—ﬂezJ_ﬂo[ﬂo_ﬂe mj (22)

(we replaced g of [20] by our notation £, ).

21

(B,75) oB,75) :ﬂﬁ;@

or Ay o0& e o&’ (28)
%‘F a(ﬂe(Ze) — 0, (29)
ot o0&
%+ a(ﬁbab) — 0, (30)
ot o0&
gz?c?:ae +a, -1 (31)

The system of equations is proposed to be solved
as follows: a beam of charged particles limited in
length enters into a semi-infinite homogeneous cold
plasma. Such a statement allows us to solve the prob-
lem as an initial one with an alternate calculation of
parameters of the plasma and beam electrons.

5. Conclusion

In a cold, uniform, and collision-less 1D plasma
model with fixed ions and rigid external beams, a solu-
tion has been found when in space behind the last bunch
of a train, consisting of three bunches, wakefields are
not formed at all. In particular, the train can consist of
two bunches separated by the corresponding length of
free space. At the same time, the density of bunches can
significantly exceed the limit of the characteristic den-
sity at which the wake wave overturns behind one
bunch model. The electric field inside such a train can
be used to accelerate charged particles.
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By usage of (al), equation (a2) can be rewritten as:

& 1B _ P
— e == : a3
8§2Lw/1—ﬁ§J A5 3)
(here we use notation & of our equation (14))
It is easy to see that:
22 (1_ﬂoﬂe)2 —1_ _ (:Bo _:Be)z
% 0o - 1_ﬂez (1 ﬁg)_ 1—ﬂe2 ' (a4)
Introducing this into (al), we find:
e P (a5)
ag ﬁo _ﬂe

This equation is equal to the basic equation of [20].
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